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NONLOCAL MECHANICS OF CRACK CURVING* (

A. Cemal Eringen and A. Suresh

Department of Civil Engineering, Princeton University
Princeton, New Jersey 08544

ABSTRACT

The nonlocal elasticity solution is obtained for the Griffith crack
problem under combined loadings, Modes I and II. It is shown that the
fracture begins at a critical point in the neighborhood of the crack tip.
The location of the critical point is determined and the critical angle at
which the crack begins to deviate from its straight line path is determined.
These results are in good agreement with atomic lattice theory, and classi-
cal predictions.

INTRODUCTION

1Presently, there exists several criteria for the static and dynamic
curving of a line crack under combined loadings. These are based on either
a maximum circumferential stress (cf. Erdogan and Sih [1], Cotterll and
Rice [2]), or the Griffith energy release rate (cf. Hussain, et al [3]).
Experimental assessment of these criteria was carried out by Kobayashi, et
al, in a series of papers of which we mention [4]. Because of the usual
crack tip singularity, these criteria are to be applied at a critical dis-
tance rc from the crack tip. It is speculated that rc is a material
property.

The main purpose of the present paper is: (i) to determine r,
theoretically; (ii) to obtain the direction of crack curving under com-
bined loadings, Modes I and II; (iii) to give a crack curving criterion
based on the maximum circumferential stress field.

We note that such a program cannot be carried out by means of classical
elasticity theory since according to this theory, the maximum stress is

* infinite and it is located at the crack tip.

In several previous papers (cf. [5], [6], (7]), it was shown that the
nonlocal elasticity solutions of crack problems do not contain a stress
singularity. Moreover, the maximum stress occurs not at the tip, but at an
exterior point to the crack surfaces -in the close vTcinity of the crack
tip.

Supported by the Office of Naval Research.
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For brittle solids, a fracture criterion based on the maximum tensile
stress, was established (cf. E5], [6], [8). Accordingly, when the maximum
tensile stress exceeds the cohesive stress that holds bonds together, frac-
ture will occur. Calculations based on this hypothesis proved to be in ac-
cordance with the Griffith fracture criterion with the additional dividend
that the Griffith constant is fully determined. Cohesive stress calcula-
tions showed excellent agreement with the results known to metalurgists
(see [5] to [101).

Motivated by these findings, we proceed to examine here the problem of
crack instability and curving for the plane problem under combined loads.

RESUME OF BASIC EQUATIONS

Basic equations of nonlocal linear, homogeneous, isotropic elastic
solids consist of (cf. E5], (111, [12)):

(1) tktk + W, -" ) a 0

(2) tkX(x,t) / a(Ix'-xJ,E)ak(x'.t) dv(xl)

V
(3) Ok * A err dkt + 2V ek,

(4) ekL ( Uk, + U1,k)

where tkt , p , f and uL are respectively, the stress tensor, mass
density, body force and the displacement field. We employ a superposed dot
to indicate partial derivative with respect to time and a comma to indicate
partial derivative with respect to rectangular coordinates xk , i.e.

a aUk(Kxt) auk
Uk at Uk, W.

As usual, repeated indices indicate summation.

Except for the constitutive equations (2)," these equations are iden-
tical to those of the classical (local) elasticity theory. Equation (2)
replaces the classical Hooke's law. It expresses the physical fact that
the stress at a point x depends on strains at all other points x' in
the body. Naturally, x the influence of strain at x is expected to be
greatest in the stress at x and the influence of strains at any other
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pint x' at a distance I-xl from x, must diminish with distance.

Hence the nonlocal modulus a(Ix,-xI,C) must die out with mx,-xI having

a maximum at x'-x.

The nonlocal attenuation modulus a has the dimension of length"3  so
that it depends on an internal characteristic length a. This is Indi-
cated by E- LBa/ where I is an external characteristic length (e.g.
wave length, crack length), a is an internal characteristic length (e.g.,
lattice parameter, granular distance) and B is a non-dimensional constant
appropriate to each material.

Nonlocal elasticity reduces to the classical theory in the limit

(5) lim a(Ij'-xlC) = 6(Ix'-xl)

where 6 is the Dirac delta measure. Based on these and other considera-
tions, Eringen [11], [12], proposed that a must be a Dirac delta sequence.
and obtained several kernels which produce excellent agreement with the dis-
persion curves of plane waves in lattice dynamics, in the entire Brillouin
zone.

Here we give one of these kernels, suitable for the treatment of two-
dimensional problems, Arn and Eringen [7]:

(6) c1(Ix, ) (27, 2c2) -1 K0(,P7-/te), £

where K is the modified Bessel's function. We note that equation (6)
satisfie2 the differential equation

(7) (0 - C2 Z2 V2 )a - 6(lx'-xl)

a property which is useful in the treatment of boundary-value problems. If
we apply the operator (7) to equation (2), we obtain

L2 22
(8) (1 - k22) tk = k

From this, by taking the divergence of both sides, it follows that

(9) "Ok,k + (0 - C2I2 V)(pfit - pUt) " 0

where we have used equation (1) . If we further substitute from equations
(3) and (4), we will have
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(10) (+1) u - pV2u + (1 -C2 2v2)(PJ -pf, 0

valid in rectangular coordinates. In this way, the integro-differential
equations (1) to (4) are reduced to singularly perturbed partial dif-
ferential equations.

Particularly simple results are obtained for the static case and
vanishing body forces. In this case, we have

(11) oktk - 0

which is identical to the equilibrium equations of classical elasticity
theory.

GRIFFITH CRACK, MODE I AND II

A line crack 1x1l< c, x2 =0 located in an infinite plane

subject to a uniform tensile loading, perpendicular to the crack line at
infinity, is known as the Griffith crack problem, Mode I. We consider the
superposition to Mode I a constant shear loading which is known as the
Mode II. The solution of both problems in nonlocal elasticity were given
previously by Eringen [8] and his coworkers [6]. Here, we employ an alter-
native method of solution using a different kernel, namely equation (6).

For the static case with vanishing body forces, equation (10) re-
duces to the classical Navier's equation

(12) (x + ) Uk,Lk +pV2ux = 0

whose solution is well-known, c.f., [13]. The classical stress field akt
in the neighborhood of the crack tip, is of the form

011 CO 1 S - sin + - sin

(13) 0 5 Kos e 1o oO+ KIIl sn f +l1sin s
o22 .'Tr Yco T 1cs - T ~ 2

I_ 1 inS 3 Co Al+I o 5e

L l 2 A L in4 sin T nT -co! csT

where KI  and KIT are classical stress intensity factors and (r,e) are

plane polar coordinates with the origin at the right crack tip.
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In nonlocal theory, 0k given by equation (13) is not the stress

field. The stress field tkL is obtained by solving equation (8), subject

to regularity conditions, i.e., tkt must be bounded at the crack tip and

at infinity. This is borne out also from the previous solution given in [5]

and [7].

We expect that, at large distances from the crack tip, the classical
solution will approximate the stress field well. Moreover, as EcO,
equation (8) gives ioZ a-P . Therefore, there exists a boundary layer

in the neighborhood of the crack. This then suggests that we may obtain an
inner solution of equation (8) and match it to the outer solution akt. In
fact, this is why the approximate expressions (equation (13)),which are
valid in the vicinity of the crack tip, are adequate for the determination
of tkt in the vicinity of the crack tip.

Introducing the complex stress field for any second-order symmetric
tensor, TkU by

(14) O = 111 + T22 9 = T 22 - 1 1 
+ 2i 1 2

The differential equations (8) may be replaced by equivalent equations

( 1 - 2  2 v 2 ) Et  _ 0 .
(15) -(0s (- C2J2V2 ) ot U 0

where, by using equations (14 and (13),

ea 1 [(KI + i KII) eio/2 + (KI - i Kii) e-8/2j

(16) 1 [(KI + 31 KI) e" 0 /2 + (- K1 + 1 KI1 ) e'tM /2J

2vw

.-." IConsequently, the integration of equation (15) requires finding the solution
* of a differential equation of the form

(17) 2gn 1  + 1 ' 2gn * e - ine/2 n +1,±5
eap P e

0 where
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(18) gn(Pse) - f(p) eine/2 p- r/t

The general solution of equation (17) is

(19) fn(p) - A In/2(P) + B Kn/2(P) + f [in /2(z) Kn/2(p)

- In/2(P) Kn/2(z)J zl dz

where IV and K are modified Bessel's functions. Constants of integra-V V

tions A and B are determined by using the regularity conditions at r-O
and r= , namely fn must be bounded at p-O and as p.

(20) fn= f In/2z) Kn/2(p) zk dz + In/2(P) Kn/2(z) zh dz
0 P

0 P n -±1, ±t 5

Employing well-known expressions of 1n/2 and Xn/ 2 [14), we find that

f~tl = p '4 (1 -en P )
(21) [k_~ + +3 P 3

(2 05 pPef ey c 1)311 +- 2 )sAnhz - cosh z] dz
0 *

+ -k[, 3 3 -3p (l+ ) sinh p - - cosh p] e'( + +  )dz
p zL

p

Consequently,

t  (2wtel)'k [(KI + iK,,) e18/2 + (KI - iK1I) ei e/2J f1(p)

(22)

1 " (2iel) "  [(K + 3 1 KII) f,(p) e-t e / 2 + (-K + KII) f5 (p) e"5t e/ 2J

But, in polar coordinates, we have

trr + tee a et
(23) too - trr + 21 tre• tt e~t
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from which we determine the stress field.

rr (2r. 1[KI (Cos e- Cos 3e- + K11(-sin e + 3sin 3e f(p

+ j$KI cosy - KII sin fP)

(24) te = (2 ire)- {[K 1(cos + Cos K 1(sin T sin T)Jf1 (p)

+ 1(-KI COS f+KII sin J)f

tre = T (2irc)- [(K1 sin T + 3 KI1 COS 2f f1(P)

+ (KI sin " + KII COS ) f5(p)]

These results are valid in the vicinity of the crack tip.

FRACTURE AND CRACK CURVING

Based on the physics of matter, the fracture must occur when the maximum
tensile stress exceeds the cohesive stress which holds bonds together, Erin-
gen [5,8]. Consequently, fracture will begin at a point (rc.e c) which are
the roots of

to8 Mtee
(25) ar o, 0

provided that tee(rcec) is the maximum tensile stress.

Note that unlike classical elasticity, teemax is not at the crack tip
Thus, fracture begins ahead ofthecrack tip at some location, determined by
equation (25).

I

CFirst, consider the case of Mode I only. In this case, K1I .0 and
equation (25) gives

(26) 6-0. df 1  df5

so that the fracture is along the crack line at a point pc satisfying (26).
Computations give
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(27) Pc rcl = 1.095076

This result is in excellent agreement with that calculated by means of
atomic lattice theory by Elliot [15] (see Table 1).

Next, we consider the combined Modes I and II. From equations (24) and
(25), it is clear that

(28) Pc = rcct = f(KII/KI)

c = g(KII/K I )

Following common practice, these functions are plotted against crack
angle y , defined by

(29) cot y =KIIK I

In Figure 1, critical distance r. is given as a function of the crack
angle y . We notice that rc decreases with the crack angle. The
closest distance to the crack tip is obtained when KI =0 and farthest
when KI 0. The change between these two cases is almost a straight
line. In Figure 2, values of ec are compared with classical results
obtained from [13, p. 99]. The agreement is,ln general, excellent.

TABLE I

HOOP STRESS ALONG THE CRACK LINE

t mxt0 Xc/i

Elliot (15] 27.62 1 + 0.2(a/i)

Nonlocal (Present) lu=0.22a* 25.41 1 + 0.2409(a/t)
cl a 0.31a 21.40 1 + 0.3394(a/.)

Values of ctla are from Ref. [7].
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Evanston. IllinoLs 60201 Aerospace Engineering Department

College Park, "aryland 20742
Professor S. 2. Doug
University of California Professor Joseph A. Clark
Department.of mechanices Catholic University of America
Los Angeles, Califonia 90024 Department of Mechanical Engineering

Washingtou, D.C. 2004
Professor Burt Paul
University of Pennsylvania Dr. Samuel S. Uatdorf
Town. School of Civil and University of California

Mechanical Engineering School of Engineering
Philadelphia, Pennsylvania 19104 and Applied Science

Los Angeles, California 90024
Professor i. W. Lbu
Syracuse University Professor Isaac Tried
Department of Chemical Engineering Boston University

and Mtallugyr Department of Mathematics
Syracuse, Nev York 13210 Boston, Massachusetts 02215

Professor S. lodner Professor 2. zrempl
Technion R&D Foundation Rensselaer Polytechnic Institute
Raifa, Israel Division of Engineering

Engineering Mechanics
Professor Warner Goldsamth Troy, Ne York 12181
University of California
Department ofLechanical Engineering Dr. Jack 1. Tison
Berkeley, California 94720 University of Delavare

Department of Mechanical and Aerospace
Professor . S. IvlSn Engineering and the Center for
lehigh University Composite Materials
Center for the Application. evark, Delaware 19711

of Mathematics
Bechlehem, Pennsylvania 18015 Dr. J. Duffy

fown University
Professor F. Ae Coezarelli Division of Engineering
State University of Nev York at Providence, Rhode Island 02912
Buffalo

Division of Interdisciplinary Studies Dr. J. L. vedlov
Karr Parker Engineering Building Carnegie-Mellon University
Chemistry Road Department of mechanical Engineering
Buffalo, lev York 14214 Ptsburh, Pennsylvania 15213
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Universities (C't) Universities (Can't)

Dr. V. K. Varaden Professor V. 3. Weubert
Ohio State University Research Foundation Pennsylvania State University
Department of EngLneering Mechanics Department of Engineering Science

.Columbus, Ohio 43210 and Mechanics
University Park, Pennsylvania 16802

Dr. Z. lashis
University of PennsylvaWLa Professor A. V. Waiss
Department of vetallurg mad Ohio State University

Materials Science Department of Engineering Mechanics
College of gng5neerLag and Columbus, Ohio 43212

Applied Science
Philadelphia, Pennsylvania 19104 Professor C. A. irebbia

University of California, Irvine
Dr. Tackan C. S. Tang Department of Civil gngineerimg
University of Maryland School of Engineering
Department of Mechanical gusineering Irvine, California 92717
College Park, Maryland 20742

Dr. George T. Raba
Professor T. T. Chog Vanderbilt University
University of Akron Mechanical Engineering and
Department of Civil EnSineering Materials Science
Akron, Ohio 44325 Nashville, Tennessee 37233

Professor Charles W. son Dean Richard 3. Gallagher
University of Oklahoma University of Arizona
School of Aerospace, Mechanical, College of Engineering

and Nuclear Enagieering Tucson, Arizona 85721
Norman, Oklahoma 73019 Professor 3. V. Rybicki

Professor $sty& N. Atluri The University of Tulsa
Georgia Institute of Technology Department of Mechanical Engineering
School of Engineering and Tulsa, Oklahoma 74104

mechanics
Atlanta, Georgia 30332 Dr. 1. Iaftka

Illinois Institute of Technology
wce f Professor Graham V. Carey Departmnt of Mechanics and Mechanial

University of Tex at Austin and Aerospace Engineering
Department of Aerospace Eagineering Chicago, Illinois 60616

and Eagineering Mechanics
Austin, Ta" 78712 Professor J. 0. de Oliveira

Massachusetts Institute of Technology
Dr. 8. S. want Department of Ocean Engineering
University of Illinois 77 Massachusetts Avenue
Department of Theoretical and Cambridge, Massachusetts 02139

Applied Mchawns
Urbana, Illinois 61801 Dr. lernard W. 8haffer

Polytechnic Institute of New Tork
Professor J. V. Abel Route 110

, Cornell University Varmingdales 3ev Tork 11735' IDeparment of Theoretial

and Applied MechanLes
IIthace, Dr k 14853
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Industry and Research Institutes Industry and Research Inseitutes (Can't)

Dr. worman Nobbe Dr. T. L. Geere
Eam AviDyne Lockheed Missiles and Space Company

-DivisLou of Case 3251 anover Streef
v Sciences Corporation Palo Alto, California 94304

Burlington, Massachusetts 01803"
Mr. William Cayvood

Argonne National Laboratory Applied Physics Laboratory
Library Services Departuent Johns Eopkins Road
9700 South Case Avenue Laurel, Maryland 20810
Argonne, Illinois 60840

Dr. Robezt . Dunham
Dr. M. C. Junger Pacifica Technology
Canbridge Acoustical Associates P.O. Sox 148
54 Rindge Avenue Extension Del Mr, California 92014
Cambridge, Massachusetts 021O40

Dr. x. r. Eanmen
Mr. J. 3. Torrance Battelle Columbus Laboratories
General Dynamics Corporation 303 King Avenue
Electric Boat Division Columbus. Ohio 43201
Groton, Connecticut 06340

Dr. A. A. Nochreis
Dr. J. Z. Greenspan Dedalean Associates, Inc.
J. C. Engineering Research Associates Springlake Research Road
3831 Hele Drive 13110 Frederick Road
Balt Lmore, Maryland 21215 Woodbine, Maryland 21797

Newport Noe Shipbuilding and Dr. James I. Jones
Dry Dock Company Swanson Service Corporation

Library P.O. lox 5415
Newport News, Virginia 23607 Runt igton Beach, California 92646

Dr. W. V. Bo.5h Dr. Robert 3. Nickell
McDonnell Douglas Corporation Applied Science and Technology
5301 Solea Avenue 3344 North Torrey Pines Court
lust intn Beach, California 92647 Suite 220

La Jolla, California 92037
Dr. 1. f. Abramsom
southwest Researeh Institute Dr. Kevin Thea
8300 Culebra Road Westinghouse Electric Corp.
San Antonio, Tex 73264 Advanced Reactors Division

P. 0. Box 158
Dr. a. C. Delart Madison, Pennsylvenia 15663
Southwest Researeh Institute
8500 Culebra Read r. 1. 3. Ribbitt
san Antonio. Texa 76284 libbLtt A Carlsso, Ise.

132 George X. Cuhen loulevard
Dr. IL L. Baws. Providence, bode Island 02903
Weidlinger Associates
110 aest 59th treet Dr. 1. 3. Nirilia
nev York, New York 10022 39 Dear 3Ul Drive

Ridgefield, ComectLent 677
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Zdusty and Research Instituteu (Coat)

Dr. Richard 3. Dm
Nega Engineerf"lg
11961 Tech Road
SLlver Spring, arnld 20904

Ni. G. M. Stanley
Lockheed Palo Alto lesearch

Laboratory
3251 lanover Street
Palo Alto, California 94304

Mr, 1. I,. Cloud
Robert L. Cloud Associates, tnc.
2972 AdelLat Street
Berkeley, California 94703
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